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A tour of the real line…

𝜋 = 3.1415…

1,2,3,5,8,13,21,34,…

𝜙 = 1.618033…



𝑛=1

∞
1

𝑛3

𝜁 3 = 1.2020569…



Fundamental constants in many fields of science

Open questions in chaos theory

Feigenbaum’s constants appear in problems of fluid-flow 
turbulence, electronic oscillators, chemical reactions, 
and in the Mandelbrot set



Fundamental constants in many fields of science

Mathematical Constants, Steven R. Finch (Cambridge University Press, 2003)
Encyclopedia of Mathematics and its Applications; v. 94

Constants provide an absolute ground truth, with unlimited amounts of data
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• The Goal: Automatic Generation of conjectures on Fundamental Constants

• Algorithms

• Distributed Computing Community

• Mathematical Discoveries

• Future Developments
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Automated Theorem Proving

The Four Color Theorem: No more than four colors
are required to color the regions of any map, so that 
no two adjacent regions have the same color.

Conjectured by F. Gurthrie in 1852, proven by Appel 
and Haken in 1977 using computers.

Conjecture Proof

Mathematician Algorithms



Automated Conjecture Generation

Conjecture Proof

Mathematician Algorithms



Automated Conjecture Generation

Graffiti, Fajtlowicz, 1985

Suggest a conjecture

Look for counter-
example from familiar 

graphs

Disqualify 
conjecture

Conjecture 
found!

Counter-example 
found

Counter-example not 
found

Over 60 publications regarding 
suggested conjectures!

PSLQ, Ferguson and Bailey 1992

𝑎1𝑥1 + 𝑎2𝑥2 + 𝑎3𝑥3… = 0

Input 𝑥𝑖 ∈ ℝ

Output 𝑎𝑖 ∈ ℤ

Countless discoveries, among them:

𝜋 = 

𝑛=0

∞
1

16𝑛
4

8𝑛 + 1
−

4

8𝑛 + 4
−

4

8𝑛 + 5
−

4

8𝑛 + 6

Compute base-16 digits of 𝜋 starting at any given position
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𝜋 − 2
= 3 +

1 ⋅ 3

5 +
2 ⋅ 4

7 +
3 ⋅ 5

9 +
4 ⋅ 6

11 +
5 ⋅ 7

13 +
6 ⋅ 8
…

tan1 = 1 +
1

1 +
1

1 +
1

3 +
1

1 +
1
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1
…

Raayoni, G., Gottlieb, S., Manor, Y. et al. Nature 590, 67–73 (2021) 

Razon, O., et al. arXiv:2212.09470 (2022) 



Meet in the Middle with Regular Formulas

LHS

2.718281…

3.718281…

17.543901…

0.748123…

0.412318…

RHS

3.1423…

2.7183…

6.4123…

17.5348…

0.7841…

=
?

!

Re-check at higher precision…

2.71828182845… =
‼
2.71828182845…

If re-check is successful, output a conjecture!         𝑒 = 3 +
−1

4+
−2

5+
−3
⋱Raayoni, G., Gottlieb, S., Manor, Y. et al. Nature 590, 67–73 (2021) 

𝑒

𝑒 + 1

⋮

3 +
−1

4 +
−2

5 +
−3
⋱



Descent&Repel

Raayoni, G., Gottlieb, S., Manor, Y. et al. Nature 590, 67–73 (2021) 



ESMA

𝑒2 + 1

2𝑒2 − 2
= 1 +

−1

2 +
1

1 +
1

11 +
−1

1 +
1
⋱

If the pattern found is simple enough, and 
retesting at high precision maintains equality, 
then output a conjecture! 

Razon, O., et al. arXiv:2212.09470 (2022) 



More results…

Razon, O., et al. arXiv:2212.09470 (2022) 



Raayoni, G., Gottlieb, S., Manor, Y. et al. Nature 590, 67–73 (2021) 

More results…



Factorial Reduction
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𝜋
= 1 +

12

3 +
22

5 +
32

7 +⋱

:
4

3

29520

23184

𝑛 = 1 𝑛 = 5 𝑛 = 10 𝑛 = 15

100370793600

78831037440

3594206259195552000

2822882994841190400

Common divider: 1 144 5760 3628800

1 +
12

4+
22

7+
32

10+⋱

:
5

4

111339

91140

1666739432511

1364364406260

271449448302221139249

222203877902013035340

Common divider: 1 3 9 1053

~𝑛!

“Factorial reduction”

Not related to 
fundamental 
constants

No factorial reduction



Factorial Reduction-based Search

• Search for continued fractions with this new property

• Extremely rare in random continued fractions

• Appears in all historical examples

• Appears in all the examples that we found to express mathematical 
constants

• Open question: Which continued fractions have factorial reduction? How to 
identify them in advance?

Elimelech et al. in preparation



Factorial Reduction-based Search

Elimelech et al. in preparation
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The Power of the People

Observation from 
previous results

Create a 
generalizing 

structure 

Volunteers' community 

Berkeley Open 
Infrastructure for Network 

Computing

Elimelech et al. In preparation



Come join us!
www.ramanujanmachine.com
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New results in Irrationality Measure

Nesterenko (2015)

Raayoni, G., Gottlieb, S., Manor, Y. et al. Nature 590, 67–73 (2021) 

𝐺 = 

𝑛=0

∞
−1 𝑛

2𝑛 + 1 2



Conserving Matrix Fields

Elimelech et al. in preparation

David et al. in preparation

• Formal proof for irrationality of 𝜁 3 !
• Systematic process
• Can be repeated to other constants
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Library of Integer Relations and Constants

Beit-Halachmi et al. in preparation

𝑎1𝑥1 + 𝑎2𝑥2 +⋯+ 𝑎𝑛𝑥𝑛 = 0
• Publicly accessible
• Convenient interface



Raayoni, Gal, et al. "Generating conjectures on fundamental constants with the Ramanujan Machine." Nature 590.7844 (2021): 67-73.

Razon, Ofir, et al. "Automated Search for Conjectures on Mathematical Constants using Analysis of Integer Sequences." arXiv preprint 
arXiv:2212.09470 (2022).

Elimelech, Rotem, et al. “Algorithm-assisted discovery of a hierarchy in mathematical constants.” In preparation

David, Ofir, et al. “The conservative matrix field.” In preparation

Beit-Halachmi, Itay, et al. In preparation

• The Goal: Automatic Generation of 
conjectures on Fundamental Constants

• Algorithms

• Distributed Computing Community

• Mathematical Discoveries

• Future Developments

www.ramanujanmachine.com

1

𝜁 5 − 𝜁 4 + 𝜁 3 − 𝜁 2 + 1

Thank you!

http://www.ramanujanmachine.com/


Irrationality criteria

Definition: The irrationality measure of 𝐿 ∈ ℝ is the largest 𝛿 for which

there exist a rational sequence 𝑝𝑛/𝑞𝑛 ≠ 𝐿 s.t.

𝐿 −
𝑝𝑛
𝑞𝑛

<
1

𝑞𝑛
1+𝛿

.

Theorem (Roth’s): The irrationality measure of 𝐿

𝛿 = ൞

0 𝑓𝑜𝑟 𝐿 𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍
1 𝑓𝑜𝑟 𝐿 𝒂𝒍𝒈𝒆𝒃𝒓𝒊𝒄 𝒊𝒓𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍

≥ 1 𝑓𝑜𝑟 𝐿 𝒕𝒓𝒂𝒏𝒄𝒅𝒆𝒏𝒕𝒂𝒍

Conclusion: If we find even one sequence with 𝜹 > 𝟎⟹ 𝑳 is irrational
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